ECE 4260 Problem Set 11 Solutions

Problem 11.1
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Problem 11.2 (9.50 in Stark and Woods)

f1

Rew(tt) = .E[ [ wiroarwie
0

ty

f Ryyw (71, t2)d7y
0
1
f a'::_'-.'_l —_ tz:ld’."l
1]
= u(t; —ta).

Here iz a sketch.

(b) Let the two times £1,t2 = 0, then
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= min(t;,t2). 11,2 = 0.



Problem 11.3 (9.57 in Stark and Woods)

E[|X()}] = E[x(t)+U(t)
= E[x(t)*]+ E[U®)]
= FP+4+e¢
ENX ().

E[X(t)Y"(t2)] = E[X(8)(Y"(ta) + V*(ts))] + E[U(t)(Y " (ta) + V*(22))]
= E[X(t,)Y"(ts)]

= pxvlti,t2) P
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Problem 11.4 (9.61 in Stark and Woods)

By equating probability flows, we get the equalities

A 1 F 1 = M2 F o,
APy = u;Fa, and
MFr = P

From the first equation, B = ';—""-Pl. and then

P = =P

and



Using the fact that these four probabilities must also sum to one, ie. 3 . F; = 1, we finally
get

1
P = ITe i en e
Ha g Mz ry Hg pa
LS
Mz
9 = - .
P 1o Az Agdady
Ha Ha Ha s f3 Mo
PE — Mg 2 and
1 2oy Apda
Ha Mz Mz My fg Mo
Azt M
P = By My Ha
= 1o oo Aady o Apha
Ha Mg Ha My Hg Ha

Problem 11.5 (Problem 9.62 in Stark and Woods)

(a) The probability of leaving state 2 for the first time at time ¢ is zero, since the waiting
time 15 an exponential BV, a continuous RV,

(b)
Pi{t+dt) = (1 =M 0t)P (L) + uy 0t Polt) + 0Fs(1)
Py(t+8t) = LA 6t Pi(t) — (Ao £ pg)dt Pa(t) + pg 8t Pat)
Fa(t+dt) = O0F(t)+ A &t Py(t) + —pug 0t Flt),
or
. " - - [a 0 -|
P(t) = | +M —(do+p,) +pg [P(E)
{ 0 +Aa — Mg J
za
= APIt).

(c) We substitute exp(At) - P(0) into this equation, and then take the term-by-term deriv-

ative of the matrix-exponential zeriez. to obtain
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= ( —m‘“ﬂ“) P(0)

1

= (A; = LAt;.‘*') P(0). with ¥ £k —1,
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E

= Aexp(At)-P(0)
= AP(1),

as was to be shown.



