ECE 4260 Problem Set 10 Solutions

Problem 10.1 (9.5 in Stark and Woods)

By definition of Poisson process with parameter A{> 0), we have

Pyin:t) = P[.N'{tj :?’.'.]
M
= f uln].

where u[n| is the unit-step function.

(a) Let t3 = £y, then be independent increments property, N(fa) — Nity) and N(f;) are
independent EVs.  Also the increment is Poisson distributed with the same parameter A
Hence

Pry(ni,na;ti,t2) = P[N(t1) =ny, N(tz) = na]
= P[N(t:) = m|P[N(ta) — N(t1) = na — ni]
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{b) Since the tis are increasing, N(t) has independent increments, which can be recursively
applied to conclude
Py(ny,na, ... ,ngit,ta. . tg) = P[.-'\-'_I_'tl J=mn1, N(t2) =na, ..., Nitg) = .‘r‘-.[{]
P[N(t1) = mq|P[N(t2) — N(t1) = na —nq]---
< P[N(trr) — N(tg—1) = ng — ng—1]
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Problem 10.2 (9.6 in Stark and Woods)
(a) Use property (3) for t; = 0 and {3 = t. Then by the property (1), N(0) = 0. So, (3)

hecomes: "
(H ,\{s‘_lds)
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P[N(t)=n] = e~Ua A=) g = 0.



Then since N{t) iz Poisson distributed, we recognize the mean as
un(t) = f As)ds, t=0.
0

(b) Take t; = ¢, = 0, and write E N (¢, )N (¢z)] = E[N(t,)[N(t,) + (N(t2) — N(¢;))]. Then
using the linearity of the expectation operator E and the independent increments property
(2), we get

VeEa

Ry(ti,t2) = E[N(t1)N(ta)]
= E[NY(t;)] + E[N(t1)]E[N{t2) — N(t1)].

We then recognize the first term on the rhs as the second moment of the Poisson, therefore

& i 2
E[ﬂrgl:tl:'] =/ Als)ds + (f ,‘;[s]ds) )
0 0

Now E[N(t2)—Nit1)] = f:lg Alz)ds, and from part (a) E[N(t1)] = f{;}.[sjds: 50, putting these
together, we get

Ry(ty.ta) = E[N(t;)]+E[N(t])]E[N(ts) — N(t,)], ta=t; =0,

ty 51 2 ty ta
= f M s)ds + (/ )«{s_]r:fs) + (f )'.I_'sf.-ds) (/ )x{s_]r:fs)
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For the general case, from the symmetry of the correlation function Ra(ty. %) = E[N(t;)N(t2)],
we can write

nun':t"- :tg.] max.llh .‘_":]
Ryt ta) = f Als)ds | [ 1 —f Mz)ds |, tita = 0.
0 0

{c) We have to show properties (1), (2], and (3):
(1) Nu(0) = N(#0)) = N(0)=0. «

(2) Let 7y =72 = 73

|."r.'l.

- = Tp. Then since £{7) iz monotone increasing (since it

iz the integral of a positive A(s)), we have ) <f2 < i3 = --- =t} where ; = t7i)-
Thus Ny(7i) £ N(t(7:)) = N(t:). So, by definition, N(t1), N(t2) — N{t1), ...
N{trp)— N(tg—1) are jointly independent. But N, (7;)—Nu(miz1) = Nt ) = Niti1),

so the N, (7) process also has independent increments.



(3) Since Ny(T2) — Nu(71) = N{t2) — N(t1) with mean value

ta fa . 121
f AMs)ds = / A(s)ds —f Als)ds
ts 0 0

= T1—T
which means that N(7) has A parameter equal to 1.

Problem 10.3 (9.7 in Stark and Woods)

The Poizson PMF iz given as
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(b)Let £2 = ¢; = 0, then

N(t1)N(t2) = N(t1)[N{t1) + (N{ta) — N(t1))]

H"{(t[, r2\| = E:_r\'rg'[tl_]] —+ _H__\_r[tl :| {_u_.‘u_’ |f32:' - ﬁ,’f(rl:l:l -
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0 0

= (t+12) + (t+12)°

Now

So for o = 1,

) L ) .
Ry(ti,t) = (t1+t]) + (1 +1]) + (G +18]) (2 +13) — (t1 +£1))
(t1+11) + (01 +127) (ta +123) .



In general, we have

Rylt1.t2) = [min{h;ﬁz_] +{min{ﬁ1;ﬁz_]_]3] [1—|—max|_'51}52;.+{max|_’51:ﬁ2;l;li]_

PIN()zt] = Y Py(nt)
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(d) Use the CLT with py(t) =t +t* and o3, =t + t* to yield

2
PIN(t) = ﬁ]na1+erf( . )

1
= — +erf(t).
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We remember
, Y
erf(z) = e~ T du
@ = o=

= P[Xsy ==z for Xgny:N(0,1).
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Problem 10.5
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